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Nonlinearities give the opportunity to influence the time average performance of
a system by periodic forcing of external parameters. In this article, this concept is
applied to the following reactions occurring in a continuous stirred tank reactor:
A—-B A—-~CA=B A—~B—C;and A — B, A + B — C. It is shown, using
a generalized Il-criterion, that if the activation energies satisfy the constraint E, >
E, , then the yield of B is improved using high-frequency periodic perturbations in
the temperature regardless of reaction order and operating conditions. Conversely,
if E, < E,, then high-frequency forcing always leads to a deterioration of the yield.
There exist regions of parameter space where low-frequency forcing may lead to an
improvement. Results valid for low and intermediate frequencies are developed and
can be used to predict additional areas of parameter space of interest for periodic

operation.

Introduction

Experiments and simulation studies verify that it is often
advantageous to exploit the nonlinear behavior of chemical
reactions and operate in a transient regime by periodic cycling
of one or more control parameters. Dun and Gulari (1985),
Wilson and Rinker (1982), and Lee et al., (1980) discuss a
range of experimental results supporting this claim. One phys-
ical explanation for the phenomenon was given by Cutlip (1979),
who periodically switched the feed in the isothermal oxidation
of carbon monoxide. Since carbon monoxide is more readily
adsorbed onto the surface of the catalyst than the oxygen, a
periodic switching of the feed enabled the oxygen to cover a
greater portion of the catalyst surface. Another experiment
showing the same effect was performed by Jain et al. (1983).
They used concentration cycling in the ammonia synthesis, and
nitrogen was thought to react with the iron catalyst so that in
the nitrogen-deficient portion of the cycle, nitrogen was avail-
able for reaction. This would lead to a more efficient utilization
of the reactants. Lynch (1983) used Langmuir-Hinshelwood
kinetics to model similar systems and by simulation showed
that the optimum performance for a given steady state was
achieved at intermediate frequencies and that accurate pre-
dictions could be made using simple models.

Some systematic studies have been made to elucidate the
effects of choice of parameters on periodic operation. For
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example, Schadlich et al. (1983) considered the influence of
sorption rate constants, reaction order, and ratio of the inlet
concentrations on periodic performance. They studied both
heterogeneous and homogeneous systems to maximize the con-
version in single reactions and the selectivity in complex re-
actions. They found that for heterogeneous reactions of the
form A— P, if all the adsorption rate constants are equal and
all the desorption rate constants are equal without any change
in the number of moles, then an improvement results only for
a reaction order greater than one. Under the same conditions,
periodic operation is detrimental when we consider the reac-
tions of the form v, A, + v,4,— P. However, if the number of
moles decreases, periodic operation at a very low frequency
increases performance. Conversely, if the number of moles
increases, then high-frequency periodic operation improves
performance. For reactions of the form v,4, # v,4,, variations
of the sorption constants led to an improvement with periodic
control for various reaction orders if the inert component was
adsorbed on the surface. If the inert component was not ad-
sorbed on the surface, then no generalizations could be made
concerning how periodic control influence the steady-state per-
formance. With a homogeneous reaction and constant total
number of moles, an increase in conversion was observed. If
the reaction order was greater than one, then a decrease in
conversion occurred.

Another study by Renken (1972) investigated the importance
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of reaction rate constants and inlet concentrations on yield
and selectivity performance for several reaction schemes. It
was found that for simple second-order reactions, it was not
advantageous to employ periodic control; however, for irre-
versible consecutive-competing reactions the yield would in-
crease using periodic operation as long as k; was not much
less than or greater than k, where k, and k, are the reaction
rate constants for the two reactions. The selectivity increases,
but the conversion decreases. From this rather brief discussion
it is clear that a rather complex picture emerges.

Several attempts have been made to develop a theory for
periodic control that can be used for predictive purposes. Horn
and Lin (1967) used a perturbation approach. Horn and Bailey
(1971) discussed comparisons between methods based on the
maximum principle and an approach based on the use of re-
laxed controls. Fjeld (1974) developed this class of method
further and showed that proper periodic controls exist when
the generating vector fields are concave. This condition is
checkable when the system has small dimension. Some ex-
amples provided illustrate the utility of this approach. A rig-
orous setting for these methods can be found in the work of
Fillipov (1964).

This article uses an approach which was developed by Bryson
and Ho (1975) and Bittanti et al. (1973). The essence of the
result is that a frequency-dependent scalar Il{(w) provides suf-
ficient and necessary conditions for the existence of periodic
controls to improve the steady-state performance. A mixture
of first-and second-order expansions are used to obtain this
result and it has been applied quite successfully by Sincic and
Bailey (1980), Schadlich et al. (1983), and more recently by
Sterman and Ydstie (1990) to a range of simple reactions in a
continuous stirred tank reactor (CSTR). Originally this theory
was developed to study systems operating at the optimal steady
state. A generalization, the details of which we give here, allows
us to apply essentially the same method to a broader range of
problems, and perturbations around arbitrary steady states can
be analyzed. This problem turns out to be important since
chemical processes rarely operate under optimum yield con-
ditions since this may lead to large selectivity losses.

Theoretical Development

Following Horn and Lin’s method (1967) we introduce the
dimensionless state variables:

. CA X, = CB
Z_CAO,

where x, is the yield of B, dimensionless temperature and time

Vv o - t'q
u='(;k10C G0 'exp RTI’ t=7,
and system parameters
| 4 4 el - E
'Y=Ekzocgal(;kloc,401) i P=E_.T'

The equations describing the transient behavior of the reaction
systems can now be expressed in the form:
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Table 1. Eigenvalues for the Reaction Schemes

Parallel Reaction Scheme
s = -1 s = — (Y a4 1)

Egquilibrium Reaction Scheme

5= — (vl ~x)P ' ot + 1)
Consecutive Reaction Scheme
s = —(oux¥'+1) s = —(yRxEl 1)

Parallel-Consecutive Reaction Scheme
s = [-m+N(m*-an)/2 s = [-m—~(m*—4n))2

where
m = yulxi+yulx,+oux 42
no= yuPx U X, + o+ 2eyuf x4+ 1

X =f(x,u,0),

where x=(x;, x,)" is the state vector, §=(c, 8, v, p)” is the
vector of system parameters, and « and 8 are the reaction
orders. The vector fields are defined below.

Parallel Reaction:

A®=B, AP—C

X=1—x;—ux¥—~yu’x¥

X;=—x+ux$
Equilibrium Reaction:

A%=B?

Xy=1=x —ux $+yu(l—x)°
Consecutive Reaction:

A*—~B—~C
xX;=1—-x—uxf{

Xp= —xptux *—yufx§

Parallel-Consecutive Reaction:

A“—B, A+B—C
x1=1—x —ux¥—yuxx,

Xy= — X+ uxy — yux,%;5.

The dimensionless temperature, v ¢ S,,, where S, is the space
of r-periodic functions, is considered to be a control variable,
and v, which depends on the residence time, is a fixed param-
eter, which may be optimized. We note that the vector fields
are linear when o =f8=p=1, and there is then no incentive to
apply periodic control. It follows that there are two parameters
to consider: the ratio of the activation energies and the reaction
orders.

Corollary. The reaction schemes described above have unique
asymptotically stable equilibria.

Proof. For a fixed temperature %, the steady state, X, satisfies
f(x,u,0) =0. The eigenvalues of (3f/dx)!,_z,; are listed in
Table 1. All physical parameters and state and control variables
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are positive; and the reaction schemes have eigenvalues with
strictly negative real parts. Consequently, the continuous fam-
ily of fixed points {X: f(X, 4, 8) =0} is hyperbolic and stable,
and has (Poincare) index + 1. [For a definition of the index
and the details of this development, see Guckenheimer and
Homes (1983).] It is now quite straightforward to show that
x(t) e T, where T" is compact ( a rectangle it turns out) with
boundary Q; moreover, 9f/dnlg<0. It follows that index
(I = + 1. This then ensures the existence, uniqueness and sta-
bility of a single fixed point for every @ e R, and § ¢ R%.

This result was stated without proof for the parallel reaction
in Horn and Lin (1967). In the case of the parallel consecutive
reaction, the presence of a pair of complex conjugate eigen-
values when m*—4n<0 implies that by judicious choice of
frequency it may be possible to amplify the effect of applying
periodic control at the resonance (Douglas, 1971). More im-
portantly, the exponential stability of the system allows us to
conclude that small perturbations do not interfere in a signif-
icant way and that we can apply linearization and first-order
averaging to obtain results describing the behavior of the sys-
tem. (Stability is not critical since the analysis in principle
applies to small-amplitude perturbations around hyperbolic
stationary points. In practice, however, an unstable system
needs to be stabilized by feedback.)

The aim of the article is to study how the average of the
yield of B changes as a function of the frequency of the input
and system parameters. A performance measure A is defined
so that

X, — X,

1 t
A(u,0,a,w) = lim-S dt.

t—ooTdi_, Xy

Here 7=2x/w is the period and w is the forcing frequency. It
follows that if A (%, 8, a, w) is positive for some u € S, then
periodic forcing for this set of parameter values leads to an
increase in the yield. The main challenge consists of developing
a theory that can be used to make predictions without having
to integrate the equations explicitly or having to bring in the
nonlinear analysis holus bolus.

As an introduction consider the following example.

Example. The second-order parallel reaction A’°~B, A—C
has the steady state

2
mm:%[ - +'yﬂ”)+\/(l+'yﬁ")2+4u:|

Using low-frequency symmetric square wave forcing with am-
plitude a centered on u, we may assume that transients are not
significant due to stability and the system, for all practical
purposes, is at rest at one of two steady states. By applying
this “‘quasisteady-state’’ assumption, the change in the average
steady-state yield, due to periodic forcing, can be expressed
as:

Xt +0.50) + X,(W - 0.5q0)

A@,0,0,0)= =

1

A plot of this quantity as a function of u for a=1, and p=2
is shown in Figure 1. It appears that low-frequency forcing
leads to an improvement, if 4> 1.7, and a deterioration oth-
erwise. Later, it is shown that high-frequency forcing always
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Figure 1. Quasi-steady-state approximation of the per-

formance improvement. _
A(u,8,a,0) with 6 =_(2,1,l,2)T, a = 1is shown vs, u for u € [0,2].
Note that only foru > = 1.7isA > 0.

leads to a deterioration for this reaction system; and it is clear
that intuition based on steady-state analysis does not suffice
to completely explain the phenomenon of periodic control.

We rely on perturbation analysis and Fourier series expan-
sion. Therefore, it is convenient to apply sinusoidal pertur-
bations éu(¢) =a sin(rw!) to given fixed points %.

Lemma 1. Suppose u(t)=u+ou(t) where % is a fixed ar-
bitrary temperature and éu(¢) =a sin(wwt). First-order av-
eraging leads to the approximation:

A(u,0,a,w) =§H(w)

where
A*+B

M) = C<»“+Dw2+E+

F

The parameters 4,B,C,D,E, are defined in Tables 2-5.

Table 2. Parameters for Parallel Reaction Scheme

A=0

B = a+2d(b+c+1)

C=0

D =1

E = (b+c+1)

F = —y\(p—1ou? "}

a = [-N(y(B-DBu’xf? — (a— Dau?
+ (e = Dohguxt ) [ — you *~'xf — X412

b = yBu’x)”

¢ = auxf!

d = N(=vBou” ¥ — Y+ oy x

(—your xf—x %)

Table 3. Parameters for Equilibrium Reaction Scheme

A =0

B = a+2d(b+c+1)

C =0

D =1

E = (b+c+1)?

F = yNp—Dou’ (1 —x)°

a = NHB- DBl —x)* 2~ (@ — Dawd ™Y
[vou" (1 —x,)f = 5P

b = y8ur(-x)"!

¢ = auxy!

d = M- —yBou (1 - x)P lyow (1 - x,F — x5
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Proof. We follow a line of reasoning similar to that outlined
by Bryson and Ho (1975), and then use the averaging result
offered by Tikhonov et al. (1980).

Define the Hamiltonian

H = X2 + 7\Tf
and a set of (Lagrange) multipliers

. 0H
A= ——
T dax
so that from the definitions above

1 t
A(u,0,a,w) =;)_C—S (H-2\Tf)dt— 1.

2Yi~7

Since f=x, integration by parts and a second-order Taylor
series expansion now yield:

1
A, 0,a,w) =—[)\Téx|,_,—}\76x|,

7'22

{
g
t

In the development of the Il-criterion, the key steps were to
use linearization to motivate the periodicity in the state variable
[x(2) =x(¢— 7)) and recognize that for u=u°, where «° is the
steady-state optimal control, we have H,=0. X is then taken
to be the constant multiplier associated with the optimal steady-
state control. This approach does not work here since we are
interested in perturbing around steady states ¥ # u°. Indeed,
a feature of the CSTR problem is that a feasible optimal steady-
state control may not exist.

To proceed, we make a recourse to averaging and introduce
the function:

1
Hpbu+ 3 (6xTH . 0x + 6x"H,, 6u + duH, bx+ H,,,Aéuz)dt}

1 _3
H, dt=—§ <?-’-‘-2> o
t—-1

—_ 1
H,(\ =—S
(A) T, T ax ax

Assuming now that we have

dﬁ_ls' dH
d\ rl,_,d\

that is, the average of the derivative is equal to the mean value
of the derivative, we can replace the equation for the multiplier
with the averaged equation:

N=-H,(N)

which in principle should be much simpler to solve. In fact,
since we are dealing with a 7-periodic signal, we have d\/dt=0
so that we get the equation:

10t
o=..s
Tder

o\ —f
<3x> +A 7% dt.
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Table 4. Parameters for Consecutive Reaction Scheme
—ab®-2fc-2fb(d+1)-2h(e+ 1) +g

abe(2c~2b—be) —a(c—-b)*+2(d+1)(e+ 1) X
Ue—sfb(e+1)—h(d+ 1] +g(d+1)
1

(d+1)+(e+1)?
(d+ e+ 1)
(1 - p)or” 2§
Y(B— D)BNu xS
X5 —your~'x}

LI TR

auxi!

¥BApu " 'of ™!

X (e — Douxf 72— Ny
X"l —\)

TR A SR MO Wx

1T L O R T
2
= w0
:’O
Rl

By using the assumption that the average of the derivative
equals the derivative of the average:

S’ %—% and
. 0x  ax

taf. of
S, Bxdt—ax

-7

we get the expression for A

I AN
T \ax)  ax’

Thm 7.7 of Tikhonov et al. (1980) gives bounds and conditions
for uniform convergence. These conditions are certainly sat-
isfied (due to continuity and asymptotic stability), and we have
uniform convergence of the quantity Ix—Xl.

We now replace \ with its average value X and use lineari-
zation to describe the response:

ox () = G(s)ou(t) with G(s)= (sI—A)'B,
where s=d/dt is the differential operator and

A=fx(x1’x2;u:0); B=fu(xlxx2:u:0)-

Table 5. Parameters for Paraliel-Consecutive Reaction
Scheme

A = a(ai+2ef)+2gle(b+1)—ad)+2hla(c+1) + be]

B = beilbe—2a(b+1)]+a%(b+ 12 +2f{ ~be*(c+1)
+ae[~bd+ (b+ 1)(c+ )] +a’d(b+1)}
+2glelbd(c+ 1)+ (c+cb) (c+2)+ b+ 1]+ ad[bd
+ (b+1)(c+ )]} +2h(be[ - bd~ (b+ 1)(c+1)]
+abd(b+1)+a(b+ 1) c+1)}

C =1

D = -2bd+ (b+1P+(c+1)*—1

E = bdlbd+ (2b+2)(c+ 1))+ bc(b+2)(c+2)
+(c+ 1P+ (B+1)Y2-1

F = —y(p—Dpu " 2,0\ +N)

a = —ypu’lxx,—x}

b = yu’x

¢ = yux+ouxy!

d = awd '—yux,

e = xf—ypu’'lxix,

f = =y N+ )

g = —you’x (N +N)

ho= NMlax§ ™ =ypu? o)+ M= you * i —ox )

i = (a=DouxF20N—\)
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By applying a Fourier transform and using the fact that
éu=a sin(wwf) we then get

A, 0,a,w) =%[G(s)6u(t)]THXXG(s)bu(t)

+[G(8)bu () Hybu + duH, G (s)6u(t) + du"H,dudt.

By applying a Fourier transform and using the fact that
du = asin(wwt) we then get

aZ
Au,b,a,0) = Tﬂ(w)
4x,

where
M(w) = GT( —jw) HoG (jo) + HLG (jo) + GT( —jo)Hy+ H,,.

This expression corresponds to the one developed by Bittanti
et al. (1974). The equations for the multipliers, however, are
different, and # is prechosen rather than computed as the
solution to an optimal control problem. Lemma 1 now follows
by evaluating X, f,G, etc. for each individual reaction scheme
and computing IT(w). These calculations are quite easy to carry
out manually, since the matrix that needs to be inverted sym-
bolically is triangular and we get the results shown in the tables,
ged.

The expression in lemma 1 gives necessary and sufficient
conditions for the existence of small-amplitude periodic per-
turbations that give improved yield. In particular, the yield
for these types of reactions is improved whenever

A’ +B
Co*+Dw*+E *

The expression for II(w) can be evaluated for a given reaction
and optimized with respect to free parameters. A plot of A (1,
0,1, w) with6=(2, 1, 1, 2)’ is shown in Figure 2. As expected,
low-frequency perturbations yield positive values. However,
for w> 4, the yield decreases. More examples are given by Sincic
and Bailey (1980) and Sterman and Ydstie (1990).

By itself II yields little insight into the problem. To proceed
we consider limiting cases. First, for high frequencies we have
the following astonishing result which is valid for all four
reactions. (There are no particular technical problems asso-
ciated with extending S, and taking the high-frequency limits
to obtain the so-called ‘‘relaxed controls’’; the integrals are
well defined in a measure theoretic sense so that convergence
of II is guaranteed.)

Result 1. High-frequency periodic forcing of the temperature
improves the yield of B when E,<FE,. When E,=E,, there is
no change; and when E, > E,, the yield decreases.

Proof. The high-frequency limit yields

F>0. (4]

A*+B
lim—p—s—= 2
w—-wCw*+Dw*+E @
so that lim,_ . II(w)=F. This implies that I1>0 when F>0,
and the sign of F then determines whether high-frequency
periodic operation improves the yield for operation around a
given steady state. From physical arguments we know that the
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L T J | 1
0 5 10 15 20 25
w —»>
Figure 2. Estimated performance improvement A(7,03a,0)
as a function of frequency using the II-crite-

rion. _
Same example as in Figure 1 with 6 = (2,1,1,2) Ta=1landu
= 2. Note that while low-frequency forcing leads to an improve-
ment (as predicted by the quasi-steady-state result), higher-fre-
quency forcing (w> =4) gives a deterioration.

state variables (x,;, X;), the input variable (¥) and the system
parameters (v, p, @, 3) are positive. The expressions in Tables
2-5 explain that the sign of F are determined by o and the sign
of the Lagrange multipliers. The expressions for the Lagrange
multipliers are obtained directly from the definition of the
Hamiltonian.

For the parallel reaction scheme we then get after some
algebra:

F=—y\ (p—1)pu " x§

with

xDl—]
el >0, A=1

A=
Tl uax® T B

For the equilibrium reaction there is only one state variable
(x,), and the yield (x,) is replaced with 1 —x; in the definition
of the Hamiltonian. This gives

F=—yN(p—Dou®2(1-x)°
with

—1

= <0
1+ oo T+ yuPB(1 —x,) P!

A

For the consecutive reaction we have
F=—y\(p—Dpu’ x4
with

1
A= >0

1+yuBxs!
and finally for the parallel-consecutive reaction scheme:
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F=—y(p- Do’ 20\ + N)
In this case, the Hamiltonian satisfies
H=x,+ N (1 —x;—ux{—au’xx;) + M(—x, + ux$ — au’x,x,)
so that for a given steady state:

aH
E=0=)\,(— 1—oux§ "= au’xy) + Maux? ™' — au’x;)
1

H
a—=0= 1+ N (—au’x)+M(—1-aux,)
0x;,

hence

_ 1- )\2(1 +au’°x1)

A
au’x,

and

M +oux T+ au’xy)

A
oaux§ ' —au'x,

By rearranging this, we get
14+ 20uxy™!

AN +HN= >0.
YT a0 P xS + 1+ aux ST+ auf (x4 %)

From the above, we see that in all cases
H,,=F>0 provided p< 1 3)

(refer to Table 5). If p=0, then F=0; and finally if p>1, then
F is negative and the result follows, ged.

This result is limited to the extent that only the high fre-
quency or ‘‘relaxed regime’’ is properly investigated. However,
it is quite easy to see that

tim 22

w— 0o aw 0
and due to smoothness of II, we can continue to lower fre-
quencies. Improvements can in some cases be experienced at
quite low frequencies. This point will be elaborated in the next
section. For now we have the following result.
Result 2. Low-frequency periodic forcing of the temperature
improves yield whenever

B+EF>0.

Proof. (w—0) so that

Aw'+B B
0)=lim ———— + F=—+F.
o (l,,lir:;w4+Dw2+E E+

ged.
It is difficult to translate this into conditions that can be
interpreted in a physical manner. Thus, one significant short-
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coming of the methods based on the II-criterion shows up: the
algebra gets to be too tedious to carry out! As we shall see
below, some progress can be made in the case of first- and
some second-order reactions.

The limits discussed above are known, respectively, as the
relaxed steady-state operation (w— o), which was the subject
of the key article by Horn and Lin (1967) and the low-frequency
periodic operation (w—0) where the quasisteady-state as-
sumption applies.

First- and Second-Order Reactions

Specializing to first- (a=f=1) and a few second- (¢ =2,
8= 1) order reactions, we obtain a few more insights and results
of practical interest. Towards the end of the section we also
discuss the effect of including a heat balance.

Corollary. For first- and second-order parallel and equilib-
rium reactions, the yield is a monotonic function of frequency
with maximum at w= o provided E,<E|.

Proof. In the case of the parallel and the equilibrium re-
actions

B
M(w)=———+F
@="TF

and it follows that the optimal frequency can be found by
solving for w:

a_n_o_ —2Bw
do  (*+E)

Thus, the maximum is obtained at w = provided B<0, In
the case of first-order reactions,

B=2(1+~pt’ Yypt — 1 —yu)

Now, when p<1 we have B < —2 (1 +vpw*~')<0. For the
second-order parallel reaction,

B=2[u+~yu" [ —ypu® " 'x; - xi)

+ 46+ yxu(1 —p)][_’YPupﬁlxl—x%]
Since p<1, we have
2[u+ v’ =y X — x {1 <4lx +yxu” (1-p)]

it follows that B<O0 also in this case, and the result is estab-
lished, ged.

This result was anticipated for the second-order parallel
reaction by Horn and Lin (1967).

In the case of the consecutive and parallel consecutive re-
actions,

A*+B
Mw)=—5—=5——+
) Cuw'+ Dw*+E
A similar approach to the one described above can be applied
to find the optimal frequency, but the expressions are unwieldy.
From examples it appears that there may be intermediate so-
lutions.
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Thus far, all of the results have concerned the case E, < E,.
This regime can quite conveniently be analyzed using the high-
frequency limiting results. In the case E, > E), high-frequency
periodic forcing leads to a deterioration, while intermediate
and low-frequency perturbations may yield improvements.

A periodic control is said to be (locally) proper if there exists
a>0 and we(0,0) so that

A(H,,0,a,0)> A4,,0,0,0)

where %, is the optimal steady-state control. That is, proper
periodic perturbations lead to an improvement over and be-
yond that achievable at the optimal steady state. The existence
of such controls can be linked to a concavity property of the
state space.

First, we have a negative result.

Result 3. When E, > E, the optimal steady-state control for
the first-order parallel and equilibrium reaction is:

e[t
T ve-1D

The optimal yield is x§ = u°/(1 — u® + yu*), and it is not possible
to improve upon this using periodic control. That is, there
exists no proper periodic control for this problem.

Proof. To solve the steady-state problem, define the Ham-
iltonian:

H=x+N(fi— X))+ N(fa— %)

At steady state, x, = x,=0, and at the optimum,

dH
=0
ou
Solving this problem yields first:
X = 1 X = Ux
N I
" d =

=— N\, =
T+u+yu®?

“|
~13e-D

Thus, to obtain a feasible optimal control (#°>0), we need
o>1. From Table 2,

and then

T —

l+yuP(1=p)(—1—ypu"™")

d (1 +u+~ypu®)?

By using the expression for the optimal control, this gives d=0
and hence II(w) = F which is independent of frequency. Since
p>1 is equivalent to E,>E,, F<0 is implied, which proves
that periodic control does not improve performance.

The same analysis and results apply to the equilibrium re-
action scheme. The only difference is that now the steady-state
variable and Lagrange multiplier are:
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Figure 3. First-order parallel and equilibrium reactions:
(a) u=2,6; (b) u=0.33; and (c)u = 0.09.
The locus of points satisfying the equality B+ EF=0 (thin lines)
divides the plane into regions indicated with: + signs low-fre-
quency forcing leading to an improvement; — signs giving a de-
terioration. High-frequency forcing is a little different. Here,
improvements result if, and only if, p<1. The solutions to the
optimal steady-state control problem are indicated by bold lines.

Note that these are found to be in the ‘‘negative’’ regions and
above the line p=1.

_ L+yu? _ -1
Tltutyu®” T L utyu”

X1

ged.

From a practical point of view, this implies that there is no
incentive to use periodic control for first-order parallel and
equilibrium reactions operating close to the optimum yield.
Nevertheless, industrial reactions do not often operate at op-
timum yield, and there may be a significant incentive to apply
periodic control as will become clear below.

The results of first-order parallel and equilibrium reactions
are summarized in Figure 3. The line p=1 divides the plane
into two regions. In the upper region high-frequency periodic
control decreases the yield, and in the lower region high-fre-
quency periodic control improves the yield. This follows from
result 1 and is independent of reaction order. The solution
curves (B+ EF=0) and fixed u further divide the y—p plane.
In the region to the left, indicated by — ve sign, periodic control
is detrimental to the system. In the region to the right, indicated
by + ve sign, the yield is improved. As the temperature (u)
increases, the size of the region where periodic operation gives
improved yield increases. For all the values of u, the solution
curve asymptotes to p= 1. The figure also includes the curves
that represent the solution to the optimal control problem,
result 3. They show the optimal value of y {v°=1/{u"(o — 1]}
as a function of p for the three different values of u. These
curves all lie in the region indicated by negative signs and they
asymptote to one, indicating that if the reaction operates under
optimal yield conditions, any periodic perturbation causes the
average yield to decrease. The reason why a feasible optimal
control does not exist when E,<FE, is that an unconstrained
optimization leads to the use of negative u. The problem is
clearly prevented if we include a constraint. The optimum will
then be at this constraint. If this is a ‘*hard’’ constraint, then
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Figure 4. Consecutive reaction: (a)u=2.6; (b)u=0.33;
and (c)u=0.09.

For legend, see Figure 3. The locus of points corresponding to
steady-state optimal policies now extend well below the line p =
1, and it is possible to improve the optimal steady-state perform-
ance by using high-frequency forcing.

any periodic perturbation leads to a deterioration of the per-
formance. If it is a ‘‘soft’’ constraint, then periodic control
may lead to an improvement, since we then may tolerate pe-
riodic but not continual constraint violation. This may, for
example, be the case when there are downstream equipment
capacity constraints.

In the case of higher-order reaction schemes, there may be
an incentive to apply periodic control to improve the yield even
under optimal steady-state yield conditions.

Result 4. The optimal steady-state control for the second-
order parallel reaction (¢ =2, B=11is) :

e _1__}
T [v@e-1D)

The optimal yield is:
1 2 0
xg:i —(I+yu?) + (1 +yu) +4u

High-frequency periodic control improves on this, when
0.5<E,/E,<1: i.e., proper periodic controls exist.
Proof. The solutions to the optimal control problem yields

1
x‘2’=—2?[ - (1+'yu")+\/(1+'yu")2+4u":|

and

2ux 1

=— =1
14 2ux, +vu” 2

1

It follows that a feasible control can be computed provided
0.5<p< 1.0, ged.

The latter result is supported by simulation studies and dis-
cussed further by Horn and Lin (1967), Fjeld (1974), and
Sterman and Ydstie (1990). In the latter study, the parameters
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were chosen so that y = 1, and p=0.75, and the optimal control
then becomes u,=2.51984. Periodic control improved upon
this for all the frequencies w>w,=6.14 min ~'.

For the consecutive reaction scheme, periodic controls exist
that improve the optimal steady-state yield.

Result 5. In the consecutive reaction, the optimal steady-
state control is:

1
o 1 »
! _[vlp(1+u")—1]]

The optimal yield is:

0

x3= S J—
(LY (1+u%)

High-frequency proper periodic controls exist.

Proof. The steady-state solution for the optimal control prob-

lem gives:

u

1
X=— -
vy T Uiy w

u 1

M Ty ) N=1 +yuf” @)

A feasible solution to the optimal control problem exists if

1
u’>--1
0

The high-frequency result applies when p< 1, and it is clear
that certain choices of parameter values will give I1(e0) >0 and
an improvement, ged.

The result for the consecutive reaction is summarized in
Figure 4. Like in the previous example, high-frequency periodic
control improves yield for p<1. For p> 1, low-frequency pe-
riodic control improves the yield in the regions indicated by
+ vesigns, and the solution to the optimal steady-state problem
lies outside this. As before, the region where periodic control
increases, the yield increases in size with . With this reaction
scheme, however, the solution curves do not asymptotetop = 1.
This difference indicates, as stated in result 5, that there exists
a feasible optimal control in the region where high-frequency
forcing improves yield (result 1). This ensures the existence of
proper periodic controls , i.e., perturbations that lead to states
not achievable by the use of any constant control. Figure §
shows this result and the region of parameter space where high-
frequency periodic control improves yield relative to that
achievable with optimal steady-state controls.

It turns out that the expressions describing the steady-state
controls for the parallel consecutive reaction scheme are too
complicated to yield any obvious insights.

Having established regions of parameter space where peri-
odic control may be used to improve yield, it is of interest to
evaluate which parameter values give the most significant im-
provement. We focus on the system parameters

V | 4 - E,
=—ky| —K dpo=—.
Y q 2o<q 1o> and o E,
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Figure 5. High-frequency periodic forcing.

It improves (unconstrained) steady-state optimal policies if, and
only if, the parameters are chosen to lie in the shaded region.
Above the line p = 1, high-frequency periodic forcing always de-
teriorates the performance; and to the right of the shaded region
below the line p = 1, the optimal policy is at a constraint.

The control variable is a function of the residence time, the
frequency factors, the activation energy, and the system tem-
perature. By assuming that the residence time is fixed, changes
in the control variable are due to temperature variations.

At the relaxed steady state, II(w) = F and the optimal values
for v and p are obtained by solving the equations

oF oF
E_O and 5;—0

In the case of the paralle] and equilibrium reactions

o

1+u
o=

uﬁ

which upon substitution into F yields:

_(U-p)p
4u(l+uy

Optimizing with respect to p yields p=0.5 and we have

Corollary. The maximum improvement using high-fre-
quency perturbations in the case of parallel and equilibrium
reactions is given by:

0.254
A )01 ] v re—
@0.0,%) = feutt + %)
and it is obtained for the case E, = 0.5E, and v = (1 + w)/

\Ju. In the case of the first-order consecutive reaction and
p<1, we have
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Table 6. Optimum Set of Parameters

u o° ¥° s X, %o
Parallel and Equilibrium Reaction Scheme
p<l:
0.090 0.5 3.63 0.637 0.0413 385.8
0.328 0.5 2.32 0.144 0.123 29.0
2.600 0.5 2.23 0.00668 0.3611 0.46
p>1:
0.090 7.05 1x10® 37.741 0.017 55,500
0.328 8.00 1x10° 8.515 0.022 9,676
2.600 8.00 1x1072 0.541 0.106 128
Consecutive Reaction Scheme
p<l:
0.090 0.5 3.33 0.63700 0.083 191.9
0.328 0.5 1.75 0.14400 0.123 29.3
2.600 0.5 0.62 0.00668 0.722 0.23
p>1:
0.090 7.1 I1x10° 39.093 0.017 57,489
0.328 8.0 1x 10° 7.533  0.017 11,008
2.600 80 1x107* 0.597 0.234 64
1 (1-0)p
To=p and £ du(l +u)

so that the optimum becomes p=0.5 and 'y=\/;/u.

The low-frequency limit is difficult to evaluate, and an op-
timal expression for v has not been obtained. Numerical eval-
uation using vy and p in intervals

IX103<y<1x10*and 1<p<8.0 %)

yield the results listed in Table 6. The percentage improvement
(A x 100%) in yield is listed in the last column of Table 7.

We note that when E, > E, the effect of applying periodic
control is most dramatic for E,~0.5E, and v ¢ [0.5,4]. When
E, <E,, low-frequency periodic control leads to the most im-
provement when E,=7.5E; however, there is a great variation
in the optimal choice of 1.

We finish the discussion with a note on the inclusion of a
heat balance. Consider the parallel reaction A%+ B, A— C with
the state equations:

Xy=1—x—uxy—yux,

Xy= =X+ uxy

X3=X3(z2 - Inxa)[uv (z — Inxy) — 1+ b(v(z—Inxy)
— 1+ (2=l (mxx § + mnyx$x ¥)]

Table 7. Parameters for First-Order Parallel Reaction with
Heat Balance

ab?
bla—2b%cde
cF+g+2d
(cz—df)*

NI—voxilo— D f77
xy0(z— Inx,)?
—1xfY

X —yxipx{ !
M(—1—vox§ )+ 2y

X3(z — Inxs)(mx; + mnyx$

(z=Ix)[v(u+b) (z—1nx; — 2)] + 2mx,x;(z - Inx; — 1)
+mnyxix §{(z—Inx)(1+p) = 2)] + (1 + b) (1 -z +1nxy)

R o on | DO

e n
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where we now have the dimensionless control variable,

the dimensionless state variable,
V a-1
X3 = EkloeXP( —E\/RT)CY;,

and the parameters

_ Ua m_R(—AHl)CAO n_—AHz
Cppq’ Elcpp ’ —AHI’
T.R 1 4
=— =In{|—
v E, Z n(qk,0>

This system of equations may have multiple equlibria, includ-
ing stable and unstable hyperbolic so some care has to be taken
when applying the averaging analysis.

The Hamiltonian becomes

H=X,+N(fi — %) + ML — X2) + Ny — X3).

Since the controlled variable appears only in the heat balance
equation, this implies

2

oH d
—67=)\3x3(z-—lnx3)2u and W:O

It follows that A\;=0 so that we get

_ Aw*+B
T+ C?+ D

where the expressions for parameters are given in Table 7.
Since lim,_ II(w) =0 it follows that high-frequency periodic
forcing has no effect on the yield.

The low-frequency limit is harder to analyze in the general
case, since

B
no=;

and Bis a fairly complicated function of the system parameters.
In the case of perturbations around the optimum steady-state
yield

oY 'x

N=—— B
T o g+ yxt

A=1and \;=0

Restricting the analysis to first-order reactions we have result
6.

Result 6. Low-frequency periodic perturbation of the feed
temperature T, always leads to a decrease of the yield relative
to the optimum steady state for first-order parallel reactions.

Proof. The state variables become
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1
Tl4+x+yxs

X1

X 1 )
X1 =X X3, =
1= X)X Il I

Substitution into the expression for II gives

_c*h’a
" (cg—df)’
thus,
g=— "
X3(1 43+ vx%)
qed.

For higher-order systems, B has to be evaluated in each
individual case. It is certainly possible for periodic control to
improve upon the optimal yield for higher-order reactions when
a heat balance is included. An example involving second-order
reactions and a heat balance is given by Douglas (1978).

Conclusions

We have analyzed the feasibility of using periodic pertur-
bation in the temperature to improve yield in a few simple
reactions occurring in CSTR’s. The main conclusion of this
work is that if the activation energy of the desired reaction is
larger than that of the undesired, then there is an incentive to
apply periodic control. The effect is maximized using high
frequency for first- and second-order parallel and equilibrium
reactions. This obviously has consequences for the design and
control of such systems.

If the activation energy of the desired reaction is greater
than that of the undesired, then high-frequency periodic per-
turbations leads to a deterioration of the performance. How-
ever, there exists windows in parameter space where low-
frequency periodic control can be used to improve yield. The
size of these windows increases with temperature. Low-fre-
quency periodic perturbations may lead to an improvement
provided that the reactor in not operating at the optimal steady-
state yield condition, but at some elevated temperature or
residence time. We show that proper periodic controls do not
exist in the case of first-order parallel and equilibrium reac-
tions. In the case of second-order parallel reactions and first-
order consecutive reactions, proper periodic controls exist.
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Notation
a = amplitude of periodic forcing
A,B,C,P = chemical species
C,4,Cq0 = compositions
8 Cao
C, = molar heat capacity
E\,E, = activation energies
H = Hamiltonian
q = liquid volumetric flow rate
R = gas constant
t,t’ = dimensionless and real time
T = temperature
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T. = coolant temperature
T, = feed temperature
u = dimensionless temperature
u = average value for u
u® = optimal steady-state value for u
Ua = heat flux
V = reactor volume
kieky = frequency factors
X, = yield
X, = average value of x,
xJ = optimal steady state for x,

Greek letters

reaction order

dimensionless parameter related to the residence time
change in steady-state yield (function of %,8,a,w)
heat of reaction

vector of system parameters («,3,7,0)

vector of Lagrange multipliers

ratio of activation energies (E,/E))

frequency of periodic forcing
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